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INTRODUCTION

An analysis of the flutter, vibration, and buckling of orthotropic conical shells is
presented in NASA TN D-5759. Certain lengthy expressions which were developed in the
analysis are required for complete documentation but were considered to be of interest
to only a limited group of readers. This supplement to NASA TN D-5759 presents these
expressions in four sections. The first section gives the details of the solution of the
compatibility equations. The second section presents the expressions ljj, gij» hij,
and Eij that appear in the boundary conditions for the stress functions. The third sec-
tion presents expressions for the matrix elements bjj, Ci5, djj, ejj, and fj; of the
governing stability equation (eq. (8)). The fourth section presents expressions for
the nondimensional parameters Sij and Mjj which relate the stiffness and inertia
characteristics of end rings to the ring and shell material properties and geometry. The
parameters Sjj and Mi]- appear in the expressions presented in the second and third
sections. The notation form Sij,l refers to the small end of the conical shell and Sij,z
to the large end, All symbols not defined herein are defined in the list of symbols in
NASA TN D-5759,



SOLUTION OF COMPATIBILITY EQUATION

The compatibility equation is
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Equation (S2) has variable coefficients that reduce to constant coefficients by use of
the transformation of coordinates
y = yi€* (S4)

For simple harmonic motion the displacement wp is assumed to be

wg = w"]‘3(x) cos n¢ el®t (85)
where
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If the stress function F is taken to be

F = eXf(x) cos n¢ el®t (87

and equations (S4) and (S6) are utilized, equation (S2) reduces to the ordinary differential
equation
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respect to x. The homogeneous solution is readily found to be
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The particular solution is obtained by substituting
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into equation (S8) and matching coefficients; this gives
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Thus f = fh + fp becomes
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The constitutive equations are
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and the linear strain—displaceméht relations are
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Substituting equations (S16), (S17), (S19a), and (S19Db) into equation (S18b) and integrating

give
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Substituting equation (S17) and equation (819c) into equation (S18c), utilizing equation (s20),
and integrating give
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The constants of integration C; and Cg are determined by substituting the expressions
for up, Vg, Wgs Nygp, and NyB into equation (S18a) and matching appropriate coef-
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ficients; this gives

The constants of integration Aj to A, are-determined from the boundary condition for
ug and vp, the first two of equations (B47). When the expressions for upg, vpg, wg,
NyB’ and NyeB are substituted into equations (B47), the boundary conditions become
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where 1ij and gi]. are given in the next section,



Equation (S25) can be solved for A7 to Ay in the form
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in terms of these coefficients as

. AqX -2 A -\ - AqX
F = cot & Be(l - p.'eu;)ylex ao<91e 17, Qe >, Qqe 2%, Qe 2x> + ao(I‘le 1

AgX

=A1X A =A9X A =
+ 1"2e 1 + F3e 2# + I‘4e 2 + PL> + am d)lme X + <I»2me 1x + <I>3me

2
ma\° .. mx , mgy mnx
Agx <x1) sin == + % cos %1 .
+d, e + 1 cos n¢ (s27)
ma\* _ p (07 2 +P
X1 1 X 2
A -1 -)
up = cot & (BB/BY) 25|21 ¥y ¥, QoYqe *, Q3W3eh2x + QY€ 2, L
- (Be/By)il,- n?)
- r w le r l[/ -le r lp Azx T I,D —)\Zx x nz = .u'y
(Bg/By)(n -1) 2
M
Ax “A1X Aox =AoX
A+ E am <I>1m1p1e 1 + ¢I>2mtp2e 1 +<I>3mzl/3e 2 +tI>4m1//4e 2
m=1
1 my\2 2 .. MAX v |/mm\8  mgy
+ —\ +1-n?sin—=-¢u_|{=—) +=—
mn4_P m772+P l:<x1> J *1 {ny1> X1
X1 =7 2
1 1
2 m7 mux
S cos n¢ (528)



and
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For symmetric deformations the transformed compatibility equation is
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The displacement VoB = 0 and wu is given by
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where hij and éij are given in the next section. Equation (S33) can be solved for Bq
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EXPRESSIONS FOR lij, g, hij, AND &;

The expressions for 1lj; are
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The expressions for gjj are
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The expressions for éij are
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EXPRESSIONS FOR bij’ Cijs dij’ €ij AND fij

The expressions for bj; are
) 21/,2Dg D
Ro\~ 4
=n2[1 - (=2 —0 ., y9 (1 - ')t cot” a +
by =7\l <R1> <2 Dy Dy> Hotty)t1 0 "1

[ /R 'ED 2Dy Dyg\/Ro\2. R

bao =2 (22 _y_ —n2 Z0, ¥0)(22) 1.2

12 Ry 2 Dy " Dy /\Ry Ry
L J

- Z(l - “'9“31) tg cot @ + Vg

"’“'51\-;

bg1 = by

with t5 and Y9 replaced by ty and Y4
- (-1 -2
ot O e )20
1

In Ry /R4 mgy_ \2 n Ry /Ry
/ 4 + (ln Rz/R1> /

b1j= n

- Z(l - MG“&) t3m cot4 o+ Ygm (i>2; m=3j-2)

R\"2||D D Ro\"2 R

1‘ 2 H (.4 2 2 Yyé 2 2(°2 2
==1-[= —\n%* - 2n“ +2) +2 2 -2)+2-n4=2) Im=2
boo 41 ( 1) y(n n” + )+ n . + ue(n )+ n R, n .

. 9 5
Dg/n2 D 2 R D D
X'_9<nT']>+/~L9' 9_n___2> <1n._2> nzﬁe_+2_le_>
Dy | Dy Z(Rl Ry y Dy

n2 -2
b2 = Ry /R (/) lanZ/Rl e )+2—L 92+< o )2
2/ 1 4+(%> y Dy lnRz/Rl
N ha/H

(Equation continued on next page)
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2/ 1 4+< 7 ) my 2
In Ry Ry 4+(m>

+'86m

G>2 m=j-2)
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i1 = ©yj (i>2; p=i-2)

with ,33 m replaced by 37 D and m replaced by p.
eiz=e2j (1>2; p=1i-2)
with Bom replaced by Bgm and m replaced by p.

p7 my (- 1)p+m RZ/ Rl)

= 4
™ Ry/Rq In Ry /Ry - * Pomp
4 + +m 4 + m
[p ) Ry/Ry /R p )R, /RJ

(1,j>2 m=i-2; p=j-2)

The expressions for fij are
f11=191 =11 =0

Ry
f12=R—1-1

. . mm 1-(-1)"Ry/R,)
1] In R2/R1 14 msw 2
<1n Raf Rl)

(3>2 m=j-2)

Ry/ R
fzz_—z-(lnR—i-1) 1

~
1-(——=\it - -(1)™(Ry/R
f2]=1£_17,< (-l)m(Rz/Rl) In <R§/R1)+(: <1n RZ/Rl)][ 2 2/ 1):,
m
* (o) (i)
- 2/R1
(3>2 m=j-2
yomr Lo DT (Ry/R) o med
T )
2/R1
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In Ry /R R
A\ 2/M1 1 (i>2

i~ 2
m
1+ 4<1n Rz/R1>

ii
m p+m p1_ N2 _ my _ \2
; In R;}Rl In Rz/Rl [ (-1) RZ/R1§| [1 * <1n Rz/R1> <1n Rz/Rl)}

i =
! +m1r p m1T
1n Rz/R 1n RZ/R

Li>2 m=1-2 p=j-2)

m=i-2)

The quantities t are defined as

wetse gt G oo

_)\2

ty = tl
with &; replaced by Tj.
t3=1t;

with ©; replaced by ®;, andthe additional term

2 .
ma m m
In Rz/leln R2/R1> * {] l:l -1) :l
B 4 2
my - mm
<1n R /R1> Pl(ln Ry /R1> + P

B
ymB2og)| Mt ly (R}
TR 7)1 " Tar Y T\Ry

Ro
hlln-R—1+1

(Equation continued on next page)
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7\2 -7\2
g+ 1 Ry Ry Ag -1 Ry Ry
= In == - Qll-{=2] (rgIm=2+1
+ Y Q31+<R1 xanl + % 4 Ry ‘an1+

t5 =ty
with §; replaced by Tj.
6m " t4

with §; replaced by ®;,, andthe additional term

2
mw mm m .
+1/(-1)"" In Rg/R
In Ry /Ry ~<1n Ry /R1> :l (-1) 2/R4

4 2
_mr N\ Pl T + P2
In Rp/Ry In RZ/RI

+

RS 1)91[1 - (-1)p(R2/R1)>L1] M- 1) 92[1 - (D8R, Rl)_xﬂ

t =
" In Rz/ Ry A2 4 [—Pm 2 2 A2 4 [—DBT 2
1 "\In Ry/Rq 1" \In Ry/Ry

Pala + 1) 93[1 - ((1P(Ry/ Rl)Az] LMol - 1)94[1 - (-l)p(Rz/Rl)-kZJ

+
2 pr \2 2 pr_ \2
Mot (ln Rg /R1> Mot (ln Rg /R1>

with ©; replaced by Tj.

t

tomp = t7p

with & replaced by &ip,.

tgp = t7p

with 2 replaced by &;, and the additional term
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1/ pr M/ pr ¥V
2<1n Ry /R1> l:(m Ry /R1> + 1) In Ry/Ry
4 2
<1n Ry /Rl) 1<1n Rz/R1> T2

The quantities ¢y are defined as

= cot® 22 t* o 28 /54y 4|0 Q Q Q
'yl—COt‘OlS33,1 +EI 33,2) + €O Ol]—3-§ 31,1 1¥1 + Qo9 + Q3¥3 + 4y

+n cot? o S32,1<A191 + A9Q9g + AgQg

+ 94w4<§1'> ) (8o /By)(nz - 1)

_)\_1

A A9
AgQy + 1 +8 -R—ZA Q=2 + Ay (=2
+ D484 n2 - 32,2 Ry 1 1R1 2 2R1

Ro ‘

2 1
Ry Ro 3 By 4 n By
Vo = .R_l In R—I cot" o S33,2 + -B—S: cot™ o S31’1 I yq + Tog + Tgbg + T'ytby + T,

Ry Rp\ 1 R\ "1 R\ 2 2 2
*Sste | Tavilmy) *Tevelmy)  tTs¥slgy) tTatalm]
In R, /Ry n - !
i 2 ¥ F1 ) e mcott @ {8gp 1| ATy + AgTy + AgTy + Ay Ty

CrENCERN
(Equation continued on next page)
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Ko

- 7\1 - ] 7\-2 -A2
- —Bi/i +S39 9 Eg A1T1<ﬁ> + A2F2<ﬁ> ' + A31"3<52-> + AqT g ﬁ)
(n2 - 1)2 “ Ry R1 Ry R1 Ri
U-'@
In R, /R By/B
+ 2/ 1_ 6/ y + cot? @ (S34 1 + 534 2)
n2 -1 ( 5 ) s )
n¢ -1
Bg
Y3m = -—y cott o 531,1 | 21m¥1 + Pam¥2 + S3m¥3 + Pam¥s
L
2
mq 1 mw - n2
In Rg/Ry {HY[GH Ra/ R1> i 1} n} Ry Ry ' A
- — +531,2 /] ‘I’1m¢1<'1q> * ¢2mW2<§—1>

Ry\ 2

+n (:‘01:4 o S32,1

26

4 2
S 1Y/ B S Py(——\ + Py
In Rg/Rl In RZ/Rl

_ _1ym m
R2> Az ( 1) In R2 R’l

2

il 1 -

4 2
S S Py _mr N\ P,
In Rg /Ry In Ry /Ry
My + Do®om + Agapy + APy

(Equation continued on next page)
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L A R\
mm ) . ;

Ry /Ry <By e> . > s, ( >

+532,2 Ry Al@lm(ﬁ] Ry
4 mm 2 1
1n RZ/RI In Rz/ 1 i

B9
m my -
2 S YA <B 9>
Rg 2 <R2> n Ry/Ry \By

—_ ) - - 5
+ A3‘I’3m<Rl> + 24 %4m Ry mr_ V& P, mﬂR ) + P,
In R2/R1 In Rz/ 1 )

m
» BT cot? oSy 1 + (-S54 5
In Ry /Ry |

-2
Ro 2
Rog. Ry 4 BQle ==| + Qoyn|=—
Ra . Ro 3 +S —~1n —£ cot o ==181¥y Ry Ry
y4=.r_q1n§1-cot @ 533 2 31,2R; ' Ry y

_)\2

B .

2)? 2) - +841,1 cot’ @ So| ¥y + Oty

+O¥a-| * Yvalgy w1 .
373 R4 1 (BH/By)

A8
QW + 1 + nS42 1 co’c3 o (AIQI + Azﬂz + A393 + Ay 8y
+ Q31'D3 oV (BG/By)(l _ nZ) ’

-
A 1 R
R Ro 9
2 1n B2 ot 2 Ago(=2] +A Q3<—>
21 >+nS322ﬁi-lnR—icot aA191<R—1> + Aol R 3 Rl
n“ -1 ’

(Equation continued on next page)
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Xy M -\ g
Ry 1 3 By Ry Ry R
+ A4Q4<R—1> + nz 1 + S41’2 cot” « B—y 911,01 R—]_ + Qzlpz R_]_ + 931,03 -RT

=2 1
Ro\ "2 3 Ry Ry
+ QY (= + +1Sy9 9 cot aAQ<—> +AQ<—
S o et (e G R

=A
Ry Ry t? (s S
ths\r) tMaMalgp) tE ot @(S43,1 + 541 2)

A -\
R2 R R 4 B@ 1 1

= 1R22 63 @ Saq o+ Sa1 5 2210 2 cot? o 28|12
BER\Ry) ° 33,2+ ®31,2 R, " Ry By| 11\ Ry

R\
2
+ cot o S44’1 +<—R1> S44’2

A9 2
Ry 2 ﬁ) ] In RZ/RI n® -y
' F‘3%(1:‘_1) i r4w4<R1 (Bo/By)(n? - 1) TRy

2 Mo
" By By Ry\'1
3 By o/ =y "2
+ cot” « 'ﬁ; S41,1 1"1"’1 + I‘ztpz + I‘31,b3 + I‘41,b4 + ——Pz— + S41’2 I‘11,I/1<R1>
-2 Ao -3 n2 . _Li.
Rg\ Ry 2 In Ry /R, Bg/B
+ L\ ) Tl ) fGlm) - Tt
Ry Ry 1 (Be /By>(n - 1) 2
IJ"
1- Bg eB Ro\'1
3 /By 2
+ncot” o S42,1 ATy Ay Ty + A3I‘3 + Ay Ty - ( > 1)2 + S42,2 Ay 1"1<R—1)
n -

(Equation continued on next page)
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A A by -Xg
s vala. T[22 . AT 22 ' AT 22 ’ AT (22 In Ra/R1
tn532,2 L A TR, Thee\Ry) Tha\Ry) th4T4lR) 7

1

\]
Mo

- _E& +In 5—2- cot? a(S34,2 + S43,2)
(2-0°) ™

At M
R Ro 4 B

=S —2-1n cot a—Q &, Y ﬁ
Yém = SLIRI TRy By Im*1\ Ry

2
m  mq ! mm 2
Ay (-1 y Kyl +1] -n
(R 2) 2 In Ry /Ry yl:(ln Ro /31)

+®, Y,l==
4m T4\ Ry 7 mr N\ P( m7 >2 p
———————— - 1 ——— + 2
<1n Rz/Rl) In R2/R1

-1
R B :
2 3
+ 2T cot o 844,1 + (-1)m<—> S44,2 +cot” @ EQ S41,1 @1mz,l/1 + <I>2mt,l/z

Ry

In R2/R1 y

(Equation continued on next page)
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* P3m ¥+ Py ¥y - o o/ mr V.p
<1n Ry /R1> 1<1n RZ/R1> T2
»Y A -2
Ry{'1 Ry\ ! Ry) 2 Rp\ 2
M
T A
(-1 I bo ( mr_\? +1| - n2 [ [
In RZ/R]_ B@/By In R2/R1 3
- i 5 +ncot” a ) Sp91 Alqslm
__mr N _p / mm +P < ’
In Ry/R 1\in Rg/R
2/R1 2/R1
. Lt
mq 0 1 —1
In RZ/RI(% ) “9> o (R M
+ gy + AP - %o + 842,208 21l 7]
—————— - A ——————— +
(ln Ry /R1> 1<1n RZ/R1> 2 !
-\ A -9
e A, (2 1+A<I> Ezux«b,ﬁ
272m\Ry 373m|Ry 474m|\R,
<)
By -
- =L ( - u'9>
In Ry/R,\B Ry R R
. n Ry/Ry \By Y 41 —21n—28g5 g cot® o | A &, (=2
4 , 2 R{ R ) 1" 1m\R
my P mf +P 1 1 1
In Ry /Ry I{1n Ry /Ry 2 ]
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m/Bg ,
(-1) <§— = 119>

R
y ma (_l)m 2

+ S34’2 cot2 o

_<1

77p - Xl

+ nS42’1 (:Ot3 o é\lﬂl + ‘AZQZ + A3Q3 + A4Q4 +

B R
p 3 0 2

mir

n RZ/RI

_ b7 3
P 341’1 cot” a 1—3;[911,!/1 + Q99 + Q3¢3 + Q¥ +

1

In Rp /Ry "Ry

4 oy \2
~Py[—_\ +P
-

Bg

1
(By/By)(1 - nZ)J

1 >+ S43,1 cot2 o
ne -1

M Ry M Rg 2 Ry
+ 92W2<ﬁ1-‘> + 93’103(.13;) + Q4W4<R—1)

¥ (BQ/BY)(I - nZ)

‘1
1 +nS cot3oz AQEZ- +AQ-I—{E
42,2 1 1R1 2 2R1

-hz

R
+ A4Q4 R_l

1

2
+8S cot” o
2 -1 43,2

+
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" " By/By

+ Tayg + Ty + —,
3 o 22 T1¥1 + Ta¥y
=T S41’1 cot” « By l’
Y8p T xq 1- ___B;‘/%y oas s o
+ A2I‘2 + A31-‘3 + A4F4 - (n2 ) 1)2
Sag.1 cotd @ ATy
+ N ,
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2 i
-2y R, + Tuiy i
+ 1"31,03 R_l

Ro + oy fq
cot" o By
+ ()P (841 9

Ry
A
R2> . + Azrz(-RT>
- cot? o A1r1<R1,
n= - BG/BY +nS42,2
In RZ/RI . >
i (n2 - 1)
(Bo/By)

1

it

R2
— = 2 In ==
ot” o Ry
1 BG/BY +S4_3,2 .

X9 In RZ/R1 i : 1)2

Ao Ry + n2 -1 (n ]

Rz + AyTy R]_

+ A31"3 R]_
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MA@ + A2®2mm

_bm 3
Yomp = }-qi 841’1 cot” o E; 2y ¥+ P + Pam¥s + 2q4m¥a
-
1
mT o [/ ma 2 11-n2
In R2/R1 BQ/BY 1n -R2/R1 v 3
- L + nS42,1 cot” o

my m

4 2
—_— \ - Pqyf{———— P
(ln Rz/R1> 1<1n RZ/RI) Fr2

By

mi ma

mm ]
In RZ/RI

+ A3<I’3m + A4@4m -

7 3
S 1.0/ S R T P
<1n R2/R1> P1<1n Rz/R1> T2

+ (-1)P 2

'
mT7 1 0 mT

-n™

A ~A1
Say o cot® o 28y 5 ——1+1,l/<I> 2
41,2 By 1"1m Ry 272m\ Ry

2
2
In Rp/Ry Be/By[(ln RZ/R1> +1:l 1

L

mm

+ S44,1 cot & m

RZ -7\2
+ ¥y Ry

mi mi

, by =A
nS cot3a A® 1':1—21+Ar1> E '
+M949,2 171m\R, 272m\ Ry

— 1 P
_mr N _p [T P
<1n Ry /R1> l(ln Ry /R1> ¥

Ry

2

AZ -9
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(Equation continued on next page)

33



By '
0 (50 )
4 2
m7 - Py mm_ + Py
In Ry/Rq In Ry /Rq

')’gp = 79mp with m=p

-1
R my +m
2| s t o —BT__ (.1)P
* <R1> 44,2 ° U Ry Ry -

— "

y

The quantities [ are defined as =9y with Sjj replaced by Mij sin4 a.

For symmetric deformations, the quantities t; are replaced by ty; defined as

Rp\' Ry\ "0
t01=QolR— -1 +902i{—1 -1

to2 = to1
with Qg replaced by Tj;.

to3 = to1

with 4 replaced by &,j,, andthe additional term
m7 m
x_l[l - ™)

(&) + o

Y
Q Ro\0 R Q Ro\ 'O R
..ol =2 Tn 2 _ _Xo2)4 (22 _2
tog = o 1+ <R1> (7‘0 In Ry 1> n 1 <R1> <)\0 In R, + 1)

to5 = tog

with £,; replaced by Tl;.
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toem = tod

with €oj replaced by ®qiy, and the additional term

T2 (D™ In Ry /Ry

%1
2
m7
(RE) + (2o/m)
pr
Mo 3 Ao Ao
R
tom = 1 Q1|1 - (DP(S2) | - Qoat - (-1)P(Z2
p p1r-2 B /B) R1 R
2\ 4+
(&) + eo/my
t0810 = to7p

with g; replaced by Tpj.

togmp = torp
with €,; replaced by ®5im.
toop = totp

with ,; replaced by ®,i,y, and the additional term

1/p7 2

(&) + ormy

For symmetric deformation, the quantities v; arereplaced by vy,; defined as

4 :
Vo1 = Cot” @ (8139 [ﬂolee/By - u'9> - Qoz(‘,Bg/By + u'9> + 1:]
Ry Ro\"0 ' Rp\ ™0 T .
+—R1 S13,2 901<—R1> ("BG/BY - l.Le) - Q02 —R1 ( Be/By + LL9> +1

+cot3a S +F—2-S
33,1 Ry 33,2
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4 W\ L
Yo = Cot a{sl3,1|:r01(\’B9/BY'N'9>'roZ(\’BG/BY"'U@) u;]
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R2 R2 _.)_ R (BB '>1_3_.
2 s () (T ) - ) (<)

R R
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Ao 2o
4 JRy AR ( |) Rg
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=

' omm m
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3
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+ Sl4,2 Q01<\/§9/By - “‘9) Ry 262 (\}BG/By + Hg) Ry +1
2 Rg . Rg 4 Ra\'©
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-
t RZ 0 3
- Q02(\}13(9/]3y + Ha) (ﬁ) + IJ +833,2 cot” a
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A
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2 4 ] +S33,2 lnR—icot3a +S34200tzozln—2

2.0
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A

-
Ry, Ry 4 Rp\ © \( B2\ ©
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1 m?T( 1) .
- + In — cot

(5] + Eo/os

2

my m 3
" q(—l) 834,92 + cot” a¢814 11®011

X (‘139/ By - “b) " %5om (VB9/ By + “b) -

(- (2] - sl () <_
1

my mR2 -1
+ q cot a S44,1 + (-1) <E1-> S44,2
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1P
Yollp = 5_717 cotd o S14,1[ (\’BQ/BY u9> = QoZ(\’B@/By + “'9) + 1:] +(-1) S14,2

7\0 -Ao

RZ |

+ _cotz o [834’1 + (-l)pS34,2]

3 \Bo/By - i \’ ' al
YoBp = E{—;T cot” « 814,1 rol( 9/-'By - U-9> - I'o2( BG/By + “9) - Bg/By,

Xo Ao

R R
+(-1)Psy4 9 Tol(\}Be/By - “'9)<R_3> - ToZ(!/BG/BY * “0)<R2>

R 1y Ry 2 p[ R2 —ls
2 _76 )P In =2 cot“ o S +cot a|S4q 1 + (-1) 44 2

' m'n
Ro % Xy

(%T) + (Bo/By)

- 1
Yo9mp = ;;_711 cot’ a 514,1|%61m (VBG/BY - “'9> - q’oZm(\}BG/BY + “9) -

A 2o
r\(B2\ © ) Ra
+ (17814, 81 (VB6/By - “9)<E1‘> - @oom({Bo/By + 1y) 7,
r mn m :
? x_(-l) ) m4n/R2 -1
- 1 + g—” —I}I{H cot @ |Sqq,1 + (-1) P R, S44,2

(52 (/o) |
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3 t
Yo9p = q cot” a 814 1 q)olm(\’BH/BY LL9> ozm(\fBe/By + IJ.9> -

T m7

Hox, 2 Ro\"!
1 my , 2
+ (q) cot Ol[s44’1 + <R—1> S44’2
B B
(32 + (purmy
Xy

For symmetric deformations, the quantities 8; are replaced by B,; defined as

Boi = Yoi

with Sij replaced by Mij sin4 o.
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EXPRESSIONS FOR Sj; AND M

The expressions for Sjj are

Sy1 = S11 cos? @ + 2513 sin @ cos @ + 33 sin?

!
S12 = S91 = 819 cos a + Sgg sin o

S13 = S31 = (sinz @ - cos? oz)§13 + (511 - §33) sin @ cos @
S14 = S41 = 514 cos @ + S34 sin &

S22 = Sp2

Sgg = Sg9 = -S93 cos & + Syg sin

824 =S40 = Sp4

2 o - 2843 sin @ cos @

S33 = 811 sin? & + 33 cos
S34 = S43 = -Sg4 cos & + S14 sin o

S44 = Sa4

s, = (R R)'Z8 J(Ry/ R)z{"zfz 5

2 Zo T
- 292 29 tan
cos «a +2(1+p.r) cosa ‘T R @ Lyg

z 52
o Zg

2
zz_o>
(55

2 R, /R)2
- R - - Z - Z
S12=Tl3<f1> ZA M(I -iosinaly> -Eotanoz

= Z
Zcz) COS ¢ y

2
tan @ sina I +2Z—0 tan o sin &
y n R

2 275 2/ 1
§13 ! (RI/R) ZA|E72 (Rl/R) (Iyz - tana-zﬁfy> - tan « Eg(1 +772Z—OCOS aﬂ
R R R

- 7 COS O
Zg Zg

40



Zg _ 1 (Pocosa _ \7
A 1>IZ+2(1*“r)\R 2 1)

1z, (R, /RY2ZE . (Ry/R)? I—J

S22 = cos « 2?,
_ n(r,/R\2ZA| . (R,/R z
Sog = (cl({sgx {37 (lz/o) y+1+n2iocos%

3 ' 3
s <I{R1\" 1 (2 %o - Zgo . Rl 2 %o sin o Rl =
324—77ZAlj(§-) _—-<ﬂ—_ F 008 o - Iy + sina == +n° g ?— =) Iy
_ 0

Zg

2/, 374
_ 72(R,/RPZA[/ 2z ina %o R1,% )
S34=L1__/_)__<Z_L—Rgcosa IIyz+n2P({)SlnaIy sSina 0 1ZA1+77-1;SC°S

o2 2
— ‘ R 2z - Zz Zz
S44=595_ﬂ (_1) <1-17__E°cos oz> I +g£;-is1n a<g—§cosa -1) vz

2
2 1 %o >
1 -2 —=cos ¢ 2 2
+7)< Zo R 3_”’4(2_0) s1n201I _I_(z_o) sin? o
2(1+ur) R 72 JIITAR
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where 1z, is the eccentricity of ring centroidal axis measured from inside shell surface,
positive for external ring, and

A = ErAy
R1Byg
T I cos? a + Iy sin? o + 2lyz sin a cos o
vy~ 2
c Iy cos? o + I, sin? o - 2lyy sin o cos @
7 =
R2A,
- Iyz(sin2 a - cos? oz) + sin a cos a(IZ - Iy)
yz -
RPA,
J=_3
RZA,

Zg=1+ -ZI_{O- cos a
The expressions for Mij are
My = My cos? a + 2Mj3 sin & cos o + Mg sin? o
Mg = Mgy = Mj9 cos a + Mgg sin o
Mjy3 = M3gq = (sin2 o - cos?2 a)lT/fm + (Mll - ﬁ33>sin o cos o
Mj4 = My = Myq cos a + Mgyq sin o
Mgy = Mgy
Mgg = Mgg = -ﬁ23 Cos o + Mm sin o

Mgy4 = Myg = Ma4

Mg33 = Myq sin? o + Mgg cos? a - 2My3 sin @ cos a

Mgq = Myg = ~-M34 cos & + M14 sin o



Myy = Mygq

where
2 2/R 2 .9 R Zf
I - 2(%0 2 2(%0\" (1) sin® o = 2(*) 1z
Myi=pcos zo[l+77(R) sin a:|+77 <R> <R> P Iy+m (R =
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n R 50 (T;) yZ
—_ - Zg -9 ZORI2 - Rlz
M12=pcosa[nR sin o zj - nﬁf smaly.,.nR Iyz
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My3=p s - p2(Zo 'naRlzl- ZRII_
13_pcosatn Zo Sin @ cos a - 7 -ﬁ-s1 " y+ 1 =/ vz
Rqy\~1 R 2 .2 % \Rq —
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